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Abstract
In this paper we investigate the existence of holey group divisible designs with block size
four. Using both direct and recursive constructions, an almost complete solution is given.
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1. Introduction
We assume that the reader is familiar with the basic concepts in design theory
such as Latin squares, resolvable designs, base blocks of a design, etc. For general
information and notations see [5].
A group divisible design (GDD) is a triple (X;G;B) which satis<es the following
properties:
1. G is a partition of a set X (of points) into subsets called groups,
2. B is a family of subsets of X (called blocks) such that a group and a block contain
at most one common point,
3. every pair of points from distinct groups occurs in exactly  blocks.
The group type of a GDD is the multiset {|G| :G ∈G}. We will use an “exponen-
tial” notation to describe group types: type tu11 t
u2
2 · · · tukk indicates that there are ui groups
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of size ti; 16 i6 k. If |B| ∈K for every block B in a GDD, then we will call it a
(K; )-GDD. We will use K-GDD to denote the GDD when =1, and use k-GDD to
denote the GDD when K = {k} and  = 1. We also use GDD(tu11 tu22 · · · tukk ) to denote
a GDD with group type tu11 t
u2
2 · · · tukk .
A K-GDD(1v) is also called a pairwise balanced design (PBD) and denoted by
PBD(v; K).
A sub-GDD (X ′;G′;A′) of a GDD (X;G;A) is a GDD whose points and blocks
are respectively points and blocks of the GDD (X;G;A) and whose every group is
contained in some group of the latter. If a GDD has a missing sub-GDD, then we say
that the GDD has a hole. In fact, the missing sub-GDD need not exist.
If a GDD has several equal-sized holes which partition the point set of the GDD, then
we call it a holey GDD, or HGDD. We give a formal de<nition of an HGDD as follows.
Denition 1.1. Let X be a set of tmn points, which is partitioned into m-subsets
Xij; 06 i6 n − 1; 06 j6 t − 1. Let B be a collection of subsets of X (called
blocks), which satis<es the following conditions:
1. |B|= k for every block B∈B,
2. every pair of points x∈Xi1j1 and y∈Xi2j2 is contained in exactly  blocks, where
i1 = i2 and j1 = j2,
3. the pair of points x and y is not contained in any block if i1 = i2 or j1 = j2.
Then we call (X;B) a holey group divisible design and denote it by (k; )-HGDD(n; mt).
The subsets
⋃t−1
j=0 Xij, where 06 i6 n−1, are called groups and the subsets
⋃n−1
i=0 Xij,
where 06 j6 t − 1, are called holes.
HGDDs were <rst de<ned and investigated in [11]. An HGDD is a special case
of double group divisible designs (DGDDs) which are introduced in [12]. An HGDD
can also be considered as a generalization of holey mutually orthogonal Latin squares
(HMOLS), since a k-HGDD(k; mt) is equivalent to k − 2 HMOLS of type mt (see
[10,11] for details).
Recently, HGDDs have been used for other combinatorial designs (see [6,7]).
An HGDD(n; 1t) is called a modi<ed group divisible design (MGDD) in [1]. Modi-
<ed group divisible designs are motivated by the existence problem of resolvable group
divisible designs. Some applications of MGDDs in sampling designs can be found in
[4,8].
By simple calculation, we can easily obtain the following necessary conditions for
the existence of an HGDD.
Lemma 1.2. The necessary conditions for the existence of a (k; )-HGDD(n; mt)
are that t¿ k; n¿ k; (t − 1)(n − 1)m ≡ 0 (mod k − 1) and tmn(t − 1)(n − 1)m ≡ 0
(mod k(k − 1)).
In [11] it is proved that the necessary conditions are suMcient when k = 3. How-
ever, when k = 4, these conditions are not suMcient. A counter-example is that a
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4-HGDD(4; 16) does not exist because there do not exist two mutually orthogonal Latin
squares of order 6. The existence of (4; )-HGDD(n; 1t) (MGDD) was investigated in
[2,9,8]. The following theorem summarizes their results.
Theorem 1.3. A (4; )-HGDD(n; 1t) exists if and only if t; n¿ 4 and (n−1)(t−1) ≡
0 (mod 3), with the exception of = 1 and {t; n}= {6; 4}.
In this paper, we consider HGDDs with block size 4 and m¿ 1. From the existence
of 2-HMOLS [10], we have the following result (see [5, II.3.4. Theorem 3.17]).
Theorem 1.4. There exists a 4-HGDD(4; mt) for m¿ 2 and t¿ 4.
Our main result is to prove the following theorem which gives an almost complete
solution of the existence of HGDDs with block size four.
Theorem 1.5. There exists a (4; )-HGDD(n; mt) if and only if t; n¿ 4 and (t −
1)(n − 1)m ≡ 0 (mod 3) except for (m; n; t) = (1; 4; 6);  = 1 and except possibly for
m= 3; = 1 and (n; t)∈{(6; 14); (6; 15); (6; 18); (6; 23)}.
2. The cases of  = 1
In this section, we give constructions of HGDDs with =1. The <rst lemma tells us
that the parameters n and t in an HGDD are symmetric. The proof is straightforward
since the roles of groups and holes in the design can be exchanged.
Lemma 2.1. There exists a (k; )-HGDD(n; mt) if and only if there exists a (k; )-
HGDD(t; mn).
The following two recursive constructions are similar to [11, Lemmas 2.6 and 2.7].
Lemma 2.2. Suppose there exist a (k; 1)-HGDD(n; mt) and an (l; 2)-GDD(sk). Then
there exists an (l; 12)-HGDD(n; (sm)t).
Lemma 2.3. Suppose there exist a (K; 1)-GDD(su) and an (l; 2)-HGDD(k; mt) for
each k ∈K . Then there exists an (l; 12)-HGDD(u; (sm)t).
We need to apply GDDs for our construction. So the following result of [12] will
be useful.
Theorem 2.4. There exists a (4; )-GDD(mu) if and only if u¿ 4; (u − 1)m ≡
0 (mod 3) and u(u − 1)m2 ≡ 0 (mod 12) with the exception of  = 1 and (m; u)∈
{(2; 4); (6; 4)}.
From the existence of PBDs we have the following lemma (see [3]).
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Lemma 2.5. There exists a {4; 7}-GDD(1v) for v ≡ 1 (mod 3); v¿ 4 and v = 10; 19.
Since the 4-HGDD with m= 1 is constructed in Theorem 1.3, we start to consider
HGDDs with m= 2.
Theorem 2.6. There exists a 4-HGDD(n; 2t) if and only if n; t¿ 4 and n ≡ 1 (mod 3)
or t ≡ 1 (mod 3).
Proof. For m = 2, the necessary conditions for the existence of a 4-HGDD(n; 2t) are
n ≡ 1 (mod 3) or t ≡ 1 (mod 3) and t; n¿ 4.
On the other hand, there exist 4-HGDD(4; 2t) for t¿ 4 from Theorem 1.4. Since
there exist 4-GDD(2n) for n ≡ 1 (mod 3), n¿ 4 (Theorem 2.4) and 4-HGDD(4; 1t) for
t¿ 4, t = 6 (Theorem 1.3), we have 4-HGDD(n; 2t) for n ≡ 1 (mod 3); t = 6 and n¿ 4
from Lemma 2.3. There is a 4-HGDD(7; 26) constructed in the proof of [7, Theorem
2.3], which yields the existence of 4-HGDD(n; 26) for n ≡ 1 (mod 3); n = 10; 19 by
Lemmas 2.5 and 2.3. Finally, a 4-HGDD(10; 26) and a 4-HGDD(19; 26) are constructed
in Section 4, that completes the proof.
To consider 4-HGDD with m= 3, we need the following lemmas.
Lemma 2.7 (Colbourn and Dinitz [5, III.3.2]). There exists a {4; 5; 6; 7; 8}-GDD(1v)
for v¿ 4; v = 9; 10; 11; 12; 14; 15; 18; 19 and 23.
Lemma 2.8 (Brouwer [3]). There exists a 4-GDD(1u71) for u ≡ 0; 3 (mod 12) and
u¿ 15.
Lemma 2.9. There exists a {4; 7}-GDD(3n) for n ≡ 2; 3 (mod 4); n¿ 6.
Proof. Delete a point from a 4-GDD(1u71), which is not in the group of size 7.
Then we obtain a {4; 7}-GDD(3n) for n = u=3 + 2. From Lemma 2.8, we have that
n ≡ 2; 3 (mod 4); n¿ 6.
Theorem 2.10. There exists a 4-HGDD(n; 3t) if and only if n; t¿ 4 with possible
exceptions of n= 6 and t ∈{14; 15; 18; 23}.
Proof. From Lemma 2.9, we have a {4; 7}-GDD(3n) for n ≡ 2; 3 (mod 4); n¿ 6. We
also have a 4-GDD(3n) for n ≡ 0; 1 (mod 4) from Theorem 2.4. So we can construct
4-HGDD(n; 3t) for all n; t¿ 4; n = 6; t = 6 by Lemma 2.3.
Next we consider the cases of n=6 and m=3. An HGDD for t=4 comes from The-
orem 1.4. For t ≡ 1 (mod 3); t ¿ 4, the HGDD can be obtained from a 4-HGDD(6; 1t)
(Theorem 1.3), a 4-GDD(34) (Theorem 2.4) and Lemma 2.2. For t = 5; 6 and 8, the
HGDDs are constructed in Section 4. Now we can construct all the remaining HGDDs
by Lemmas 2.7 and 2.3 except for t=9; 11; 12; 14; 15; 18 and 23. The cases for t=9; 11
and 12 are constructed directly in Section 4.
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Now we can prove the main theorem of this section as follows.
Theorem 2.11. There exists a 4-HGDD(n; mt) if and only if t; n¿ 4 and (t − 1)(n−
1)m ≡ 0 (mod 3) except for (m; n; t) = (1; 4; 6) and except possibly for m = 3 and
(n; t)∈{(6; 14); (6; 15); (6; 18); (6; 23)}.
Proof. For m ≡ 1; 2 (mod 3); m¿ 2 and n = 4; t = 4, the desired HGDDs can be ob-
tained from 4-HGDD(n; 1t) (Theorem 1.3) and 4-GDD(m4) (Theorem 2.4) by Lemma
2.2. When n= 4 or t = 4, the designs come from Theorem 1.4.
For m = 6; n = 4, the designs come from Theorem 1.4. For m = 6; n¿ 4; t = 6,
the designs come from the existence of 4-GDD(6n) (Theorem 2.4) and 4-HGDD(4; 1t)
(Theorem 1.3) by Lemma 2.3. A 4-HGDD(6; 66) is constructed in Section 4. By Lemma
2.1, all the desired HGDDs with m= 6 are obtained.
For m ≡ 0 (mod 3) and m¿ 6; m = 18, the desired HGDDs can be obtained from
4-HGDD(n; 3t) (Theorem 2.10) and 4-GDD((m=3)4) by Lemma 2.2 except for n = 6
and t = 14; 15; 18 and 23. For m= 18, since we already have a 4-HGDD(n; 6t) and a
4-GDD(34), the design comes from Lemma 2.2.
Finally we consider the cases for m ≡ 0 (mod 3); m¿ 6; m = 18, n = 6 and t =
14; 15; 18 and 23. Since there exist {4; 7}-GDD(3n) for n∈{14; 15; 18; 23} (Lemma
2.9), 4-HGDD(4; (m=3)6) and 4-HGDD(7; (m=3)6), we have 4-HGDD(n; mt) for t = 6
and n∈{14; 15; 18; 23} by Lemma 2.3. Lemma 2.1 now gives the complete proof.
3. The cases of  ¿ 1
It is easy to know that if we have a (4; 1)-HGDD(n; mt) and a (4; 2)-HGDD(n; mt),
then we have a (4; 1+2)-HGDD(n; mt). Therefore basically we only need to consider
the cases of = 2 and 3.
Theorem 3.1. A (4; 2)-HGDD(n; mt) exists if and only if (n− 1)(t− 1)m ≡ 0 (mod 3).
Proof. From the results of Theorems 2.11 and 1.3, we only need to consider the cases
of m=3 and (n; t)∈{(6; 14); (6; 15); (6; 18); (6; 23)}. These designs can be constructed
from a (4; 2)-GDD(36) (Theorem 2.4) and a 4-HGDD(4; 1t), t=14; 15; 19; 23 (Theorem
1.3) by Lemma 2.3.
Theorem 3.2. A (4; 3s)-HGDD(n; mt) for s¿ 1 exists if and only if n; t¿ 4.
Proof. From Theorem 1.3, there exists a (4; 3s)-HGDD(n; 1t) for t; n¿ 4, and from
Theorem 2.4 there exists a 4-GDD(m4) for m = 2; 6. Therefore there exists a (4; 3)
-HGDD(n; mt) for m = 2; 6 by Lemma 2.2.
On the other hand, for m=2 or 6, since there exist a (4; 3s)-GDD(mn) for n¿ 4 and
a 4-HGDD(4; 1t) for t = 6, we have a (4; 3s)-HGDD(n; mt) for t = 6 by Lemma 2.3.
By Lemma 2.1, the other cases left are (4; 3s)-HGDD(6; m6). Since we have a 4-HGDD
(6; 66) and a (4; 3)-HGDD(6; 26) constructed in Section 4, the conclusion follows.
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Theorem 3.3. There exists a (4; )-HGDD(n; mt) for ¿ 1 if and only if t; n¿ 4 and
(t − 1)(n− 1)m ≡ 0 (mod 3).
Proof. When  ≡ 0 (mod 3), the conclusion comes from Theorem 3.2. For the other
cases, the necessary conditions of the existence are t; n¿ 4 and (t − 1)(n − 1)m ≡
0 (mod 3). Theorem 3.1 tells us that such an HGDD exists if  is even. If ¿ 3 is
odd, then = 3 + ′, where ′ is even. So the conclusion follows from Theorems 3.1
and 3.2.
Now we are in a position to prove our main theorem about the existence of HGDDs
with block size four as follows.
Theorem 3.4. There exists a (4; )-HGDD(n; mt) if and only if t; n¿ 4 and (t −
1)(n − 1)m ≡ 0 (mod 3) except for (m; n; t) = (1; 4; 6);  = 1 and except possibly for
m= 3; = 1 and (n; t)∈{(6; 14); (6; 15); (6; 18); (6; 23)}.
Proof. Conclusion comes from Theorems 2.11 and 3.3 directly.
4. Direct constructions
In this section, we give direct constructions of HGDDs. For some cases, we consider
incomplete 4-HGDD. Suppose that the points of one hole are deleted from a 4-HGDD.
Then the blocks can be divided into two parts: one part with blocks of size 4 and other
part with blocks of size 3. Furthermore, all the blocks of size 3 can be partitioned into
partial parallel classes such that the points in the blocks of each class contain all the
points of the HGDD except the points of one group and the missing hole.
As an example, we <rst construct a 4-HGDD(6; 36) with a missing hole {xi : 06
i6 17}. To obtain the desired HGDD, we just need to put xi to each block of a partial
parallel class (there are exactly 18 such classes). The notation “+d mod g” denotes
that all elements of the base blocks should be taken cyclically by adding d (mod g) to
them.
All the designs in this section are obtained by the help of a computer.
A 4-HGDD(6; 36)
Point set: Z90 ∪ {xi : 06 i6 17}
Groups: ({0; 6; 12; : : : ; 84}+ j) ∪ {x3j; x3j+1; x3j+2}; j∈Z6
Holes: {0; 5; 10; : : : ; 85}+ i; i∈Z5 and {xi : i∈Z18}
Blocks: developed by (+2mod 90)
{1; 10; 27; 54}; {1; 24; 35; 82}; {2; 35; 51; 73};
{1; 34; 60; 68}; {1; 5; 12; 88};
{13; 15; 52}; {3; 46; 47}; {9; 37; 38};
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{5; 22; 26}; {7; 68; 89};
{10; 32; 48}; {9; 58; 60}; {11; 74; 87};
{3; 16; 35}; {5; 8; 36}:
The partial parallel classes can be obtained as follows. There are two initial partial
parallel classes:
{13; 15; 52}; {3; 46; 47}; {9; 37; 38}; {5; 22; 26}; {7; 68; 89}(+18mod 90)
which misses the group {0; 6; 12; : : : ; 84} and
{10; 32; 48}; {9; 58; 60}; {11; 74; 87}; {3; 16; 35}; {5; 8; 36}(+18mod 90)
which misses the group {1; 7; 13; : : : ; 85}. The other partial classes can be obtained by
adding 2; 4; 6; 8; 10; 12; 14; 16mod 90 to the two initial parallel classes.
The following <ve designs are constructed in a similar way. For simplicity, we
omitted the details of the partial parallel classes.
A 4-HGDD(6; 38)
Point set: Z126 ∪ {xi : 06 i6 17}
Groups: ({0; 6; 12; : : : ; 120}+ j) ∪ {x3j; x3j+1; x3j+2}; j∈Z6
Holes: {0; 7; 14; : : : ; 119}+ i; i∈Z7 and {xi : i∈Z18}
Blocks: developed by (+1mod 126)
{1; 34; 39; 107}; {1; 2; 17; 76}; {1; 40; 44; 66};
{1; 10; 51; 96}; {1; 24; 93; 125};
{20; 28; 117}; {3; 50; 67}; {4; 15; 59};
{8; 35; 115}; {1; 11; 124}:
(+18mod 126) misses {0; 6; : : :}.
A 4-HGDD(9; 36)
Point set: Z135 ∪ {xi : 06 i6 26}
Groups: ({0; 9; 18; : : : ; 126}+ j) ∪ {x3j; x3j+1; x3j+2}; j∈Z9
Holes: {0; 5; 10; : : : ; 130}+ i; i∈Z5 and {xi : i∈Z27}
Blocks: developed by (+1mod 135)
{1; 63; 94; 95}; {1; 49; 65; 133}; {1; 25; 77; 114};
{1; 18; 67; 79};
{2; 40; 98}; {14; 16; 22}; {6; 59; 115};
{4; 111; 132}; {10; 101; 134}; {1; 35; 48};
{11; 15; 127}; {12; 104; 133}:
(+27mod 135) misses {0; 9; : : :}.
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A 4-HGDD(11; 36)
Point set: Z165 ∪ {xi : 06 i6 32}
Groups: ({0; 11; 22; : : : ; 154}+ j) ∪ {x3j; x3j+1; x3j+2}; j∈Z11
Holes: {0; 5; 10; : : : ; 160}+ i; i∈Z5 and {xi : i∈Z33}
Blocks: developed by (+1mod 165)
{1; 28; 54; 157}; {1; 49; 143; 145}; {1; 62; 65; 119};
{1; 25; 99; 158}; {1; 29; 148; 152};
{5; 21; 84}; {2; 39; 161}; {10; 17; 126};
{13; 96; 97}; {4; 16; 152}; {3; 75; 127};
{12; 90; 158}; {14; 52; 65}; {15; 91; 122};
{1; 40; 74}:
(+33mod 165) misses {0; 11; : : :}.
A 4-HGDD(6; 312)
Point set: Z198 ∪ {xi : 06 i6 18}
Groups: ({0; 6; 12; : : : ; 192}+ j) ∪ {x3j; x3j+1; x3j+2}; j∈Z6
Holes: {0; 11; 22 : : : ; 187}+ i; i∈Z11 and {xi : i∈Z18}
Blocks: developed by (+1mod 198)
{1; 172; 176; 179}; {1; 84; 119; 136}; {1; 59; 152; 178};
{1; 15; 30; 83}; {1; 102; 153; 161}; {1; 29; 68; 70};
{1; 110; 129; 186}; {1; 113; 162; 194}; {1; 92; 156; 190};
{1; 72; 112; 137};
{26; 57; 130}; {11; 103; 153}; {14; 151; 167};
{19; 142; 143}; {2; 87; 190}:
(+18mod 198) misses {0; 6; : : :}.
A 4-HGDD(6; 66)
Point set: Z180 ∪ {xi : 06 i6 35}
Groups: ({0; 6; 12; : : : ; 172}+ j) ∪ {x6j; x6j+1; : : : ; x6j+5}; j∈Z6
Holes: {0; 5; 10; : : : ; 175}+ i; i∈Z5 and {xi : i∈Z36}
Blocks: developed by (+1mod 180)
{1; 8; 84; 172}; {1; 54; 57; 143}; {1; 12; 123; 140};
{1; 40; 104; 138}; {1; 15; 23; 132};
{5; 38; 51}; {19; 100; 137}; {7; 140; 161};
{9; 130; 157}; {8; 52; 165};
(+18mod 180) misses {0; 6; : : :}.
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{7; 11; 68}; {5; 106; 134}; {4; 33; 35};
{21; 127; 128}; {9; 28; 121};
(+18mod 180) misses {0; 6; : : :}.
Remark. If we take all the elements in the above base blocks and compress them into
Z60 by doing mod 60, we obtain the required base blocks for a (4; 3)-HGDD(6; 26).
Here, the base blocks generating the initial holey parallel classes become the base
blocks generating initial holey 3-parallel classes, which are developed by +6mod 60.
The other three designs listed below are complete HGDDs.
A 4-HGDD(6; 210)
Point set: Z6 × Z20
Groups: {i} × Z20; i∈Z6
Holes: Z6 × ({0; 10}+ j); j∈Z10
Blocks: Generated by (+2mod 6;+1mod 20)
{(1; 1); (2; 6); (3; 5); (4; 2)}; {(1; 1); (2; 13); (3; 8); (6; 20)}; {(1; 1); (3; 3); (4; 7); (5; 16)};
{(1; 1); (2; 2); (4; 9); (5; 20)}; {(1; 1); (3; 4); (5; 12); (6; 3)}; {(1; 1); (2; 19); (4; 18); (5; 15)};
{(1; 1); (3; 15); (5; 10); (6; 18)}; {(2; 1); (3; 9); (4; 15); (6; 4)}; {(1; 1); (3; 19); (4; 6); (6; 17)};
{(1; 1); (2; 16); (3; 18); (6; 14)}; {(1; 1); (2; 3); (5; 9); (6; 5)}; {(1; 1); (2; 15); (3; 20); (6; 7)};
{(1; 1); (2; 14); (5; 5); (6; 8)}; {(2; 1); (4; 4); (5; 10); (6; 9)}; {(1; 1); (2; 10); (4; 14); (6; 9)}:
A 4-HGDD(6; 219)
Point set: Z228
Groups: {0; 6; 12; : : :}+ i; i∈Z6
Holes: {0; 19; 38; : : :}+ j; j∈Z19
Blocks: Generated by (+1mod 228)
{0; 31; 74; 155}; {0; 20; 82; 189}; {0; 87; 157; 215};
{0; 101; 105; 184}; {0; 33; 173; 175}; {0; 68; 93; 119};
{0; 64; 110; 113}; {0; 1; 10; 221}; {0; 97; 111; 196};
{0; 130; 165; 199}; {0; 122; 137; 187}; {0; 151; 167; 188};
{0; 125; 172; 217}; {0; 148; 153; 176}; {0; 22; 89; 116}:
A 4-HGDD(5; 36)
Point set: Z90
Groups: {0; 6; 12; : : :}+ i; i∈Z6
Holes: {0; 5; 10; : : :}+ j; j∈Z5
Blocks: Generated by (+1mod 90)
{0; 1; 3; 14}; {0; 4; 23; 61}; {0; 7; 28; 44};
{0; 8; 34; 51}; {0; 9; 31; 58}:
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